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Abstract 
 
This study compares the impact that different models of fracture aperture exert on the effective permeability 
of fractured reservoirs. It is widely accepted that fractures have high influence on fluid flow through a porous 
medium but being able to predict the flow accurately still constitutes a challenge. Fracture aperture is one among 
many important parameters that impact these predictions. This paper analyses six different aperture distributions 
within six different three dimensional fracture sets. Three one-set models are randomly generated with increasing 
fracture density while the remaining, two five-set models and one four-set model, based on real rock fractures with 
the same fracture density. The fracture aperture models applied to these fracture sets are fixed aperture; 
lognormally distributed apertures; Renshaw and Park model (length-dependent); Pollard and Segall model (length-
dependent); Cruikshank model (pseudo-mechanic) and Baghbanan and Jing (pseudo-mechanic). In sum, two 
stochastic models, two tensile models and two compressive models. The study shows that aperture distributions 
can in fact have a great impact on effective permeability predictions, in some cases this difference can reach up to 
three orders of magnitude between models. However, it was possible to notice that some models have very similar 
outputs such as fixed and the Baghbanan and Jing models. The lowest predictions were obtained through the 
tensile models that require as input fluid pressure and therefore being very constrained by this parameter. The 
compressive models predict values of effective permeability that can range from two to four orders of magnitude 
apart, with the Baghbanan and Jing model yielding the highest predictions. Finally, it was possible to conclude that 
the lognormal aperture distribution is the model that stands in-between of the six models tested, yielding the mid 
range predictions. 
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Abstract 
 
This study compares the impact that different models of fracture aperture exert on the effective permeability of 
fractured reservoirs. It is widely accepted that fractures have high influence on fluid flow through a porous medium but being 
able to predict the flow accurately still constitutes a challenge. Fracture aperture is one among many important parameters that 
impact these predictions. This paper analyses six different aperture distributions within six different three dimensional fracture 
sets. Three one-set models are randomly generated with increasing fracture density while the remaining, two five-set models 
and one four-set model, based on real rock fractures with the same fracture density. The fracture aperture models applied to 
these fracture sets are fixed aperture; lognormally distributed apertures; Renshaw and Park model (length-dependent); Pollard 
and Segall model (length-dependent); Cruikshank model (pseudo-mechanic) and Baghbanan and Jing (pseudo-mechanic). In 
sum, two stochastic models, two tensile models and two compressive models. The study shows that aperture distributions can 
in fact have a great impact on effective permeability predictions, in some cases this difference can reach up to three orders of 
magnitude between models. However, it was possible to notice that some models have very similar outputs such as fixed and 
the Baghbanan and Jing models. The lowest predictions were obtained through the tensile models that require as input fluid 
pressure and therefore being very constrained by this parameter. The compressive models predict values of effective 
permeability that can range from two to four orders of magnitude apart, with the Baghbanan and Jing model yielding the 
highest predictions. Finally, it was possible to conclude that the lognormal aperture distribution is the model that stands in-
between of the six models tested, yielding the mid range predictions. 
 
Introduction 
 
Fractures are one of the most ubiquitous features found in sub-surface rocks. Fractured carbonate reservoirs currently 
trap a significant amount of the world’s proven oil and gas reserves (BP, 2007). Understanding the influence of aperture 
assumptions on the flow properties of fractured media is relevant to the petroleum and mining industries, in which simulations 
are regularly relied on to make predictions of resource and reservoir management and productivity (Vermilye and Scholz, 
1995). 
An accurate and thorough description of fracture networks remains a difficult and expensive task to perform due to the 
three-dimensional nature of the fractures. For example, only a small fraction of fracture geometry can be observed or sampled 
in outcrops, wells and tunnels. Moreover, due to the highly variable set of parameters that describe them, i.e. density, spacing, 
connectivity, length, extension and aperture, the description of these features generally leads to a stochastic approach 
(Paluszny and Matthai, 2010; Dershowitz and Einstein, 1988). Furthermore, flow properties of fractured media not only 
depend on the underlying geometry of the fracture set but also are strongly scale dependent. Therefore, many of the laboratory 
flow studies cannot be scaled in a straightforward manner to field scale behavior. Thus, numerical and analytical methods are 
widely applied to make predictions of effective permeability at the field scale. 
Numerous methods have been created to estimate and compute effective permeability; these can be classified into three 
main categories (Renard and de Marsily, 1997): heuristic, deterministic, and stochastic. To compute the effective permeability 
using heuristic methods, a value of permeability is assigned to the center of each grid block and then using inequalities at their 
boundaries to obtain plausible equivalent permeabilities (Renard and de Marsily. 1997). Analytical methods include: Wiener 
bounds (c.f. Cardwell Jr. et al., 1945) – named fundamental inequality because it has always proven to be valid and states that 
the effective permeability is always lower or equal to the arithmetic mean and higher or equal to the harmonic mean of 
permeabilities; Hashin and Strickman bounds (Hashin and Shtrikman, 1963) – used for isotropic binary media; Cardwell and 
Parsons bounds (Cardwell Jr. et al., 1945) - using an electrical analogy, proved that the equivalent permeability is lower 
bounded by the arithmetic mean of the harmonic means and is upper bounded by the harmonic mean of the arithmetic means; 
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Matheron bounds (Matheron, 1968) – used for two phase, two dimension isotropic mosaic; Ene bounds (Renard and de 
Marsily, 1997) – which use the method of homogenization obtains bounds for the anisotropic cases.  
Heuristic methods are derived from experimental and field observations. Despite possessing limited applicability they are 
frequently used due to their simplicity. These include: sampling – generally consists of upscaling values from a 10cm scale to 
a meter scale; averaging means – using values between two theoretical bounds (i.e. fundamental bounds, and Cardwell and 
Parsons bounds); power average – consists of fitting a power average of exponent p between the interval of -1 and 1, harmonic 
mean and arithmetic mean respectively; and flexible grid – this consists of adjusting the local dimension of a large-scale grid 
as a function of a small-scale property, such as permeability variance (Renard and de Marsily, 1997).  
Deterministic methods assume that the permeability of the rock and the fluid pressure boundary conditions are known. 
These include the analytical or numerical solution of the diffusion equation, percolation theory, effective medium theory 
(EMT), streamline, renormalization and homogeneous equation methods. All these methods produce approximated results 
with different degrees of precision, decreasing with the complexity of the permeability field (Renard and de Marsily, 1997). 
Stochastic methods standout as methods that are applied to account for the innate uncertainty of the parameters used to 
compute the effective permeability of a medium. These variables (e.g. fluid viscosity, pressure, rock roughness etc) are treated 
as random functions in space and instead of providing a definite result they generate numerous statistics, such as mean, 
variance and covariance, of which a sufficient approximation is assumed to produce a reasonable estimation of the effective 
permeability. According to Kitanidis (1997) there are three categories from which the effective permeability computations can 
be performed. The Monte Carlo methods, which seem to be the least restricted of all methods and allow the evaluation of the 
uncertainty in the input parameters. Their major disadvantage is the computational cost; The Small-Perturbation methods, 
being analytical asymptotic approximations, are particularly useful for solving inverse problems and deriving analytical 
solutions. Their major disadvantage is being limited by the requirement for small variances among other assumptions; and 
other methods that aim to provide other analytical solutions, create faster and more innovative numerical methods and an 
improved qualitative understanding of the stochastic flow equation (Kitanidis, 1997). 
To model the fractured medium numerically, in order to then compute effective permeability it is useful to assume that 
the porosity of a medium can be divided into two categories according to its genesis. The first one called primary porosity, 
controlled by the rock lithification process, while fracturing, jointing and solution of circulating water control the secondary 
porosity, considered to be more anisotropic. These two sets combined can create regions that contribute immensely to the pore 
volume of the system but only contribute negligibly to its flow capacity. This relates to the logical assumption that only 
interconnected pores and fractures will conduce flow. This concept is referred to as dual porosity behavior (Warren et al., 
1963). 
The equivalent porous medium (EPM) model grasps the previous concept and superimposes fracture permeability to 
matrix permeability generating an equivalent porous medium, describing the entire sample as a single flow region. Despite its 
practicality, EPM models rely on the constraining assumption that the fractured media is continuous (Berkowitz et al., 1988). 
Fracture media, however, are neither continuous nor isotropic. An approach suggested by (Witherspoon et al., 1980) 
makes use of stochastic discrete fracture networks (DFN) models. These models agree with the assumption that fractured rock 
masses are geometrically complex in their nature; therefore, statistical distributions are assigned to their geometrical 
parameters, such as location, trace length, orientation and aperture (Baghbanan and Jing, 2007). These models approach 
uncertainty by generating a large number of realizations. They assume that the rock matrix is impermeable and that flow 
within fractures follows the cubic law (Baghbanan and Jing, 2008). 
Discrete fracture models (DFM) simultaneously model flow through both fractures and matrix, where the latter is 
modeled as being continuous (Koudina et al., 1998; Matthäi et al., 2005; Bogdanov et al., 2007). These networks are usually 
generated stochastically but they can also be deterministic, geomechanical and combinations thereof. 
Rock features such as single fractures and faults control hydrological properties and mechanical behavior of rock 
masses (Yeo et al., 1998). Specifically, effective permeability estimations, required to run field scale reservoir simulations, 
have been shown to strongly depend on fracture apertures (Snow, 1969; Matsuki et al., 2006; Paluszny and Matthai, 2010). 
However, fracture apertures are usually estimated using simplified models. Simulations often neglect that apertures strongly 
affect predictions of the effective permeability of fracture networks. Models to represent fracture apertures include: constant 
(Smith et al., 1987), log normally distributed (c.f. Baghbanan and Jing, 2007), length dependent (semi geo-mechanical) 
(Dugdale, 1960; Baghbanan and Jing, 2008) and geomechanical (stress dependent) (Paluszny and Matthai, 2010; Latham et al., 
2013). 
This study aims to advance understanding of the influence of 3D aperture models on fluid flow simulations of fractured 
reservoirs, and their effect on predictions of effective permeability. We quantify the impact of fracture aperture assumptions, 
of stochastic and deterministic fracture networks, on the measured effective permeability (Keff) of three-dimensional fracture-
matrix models. The study is mainly focused on evaluating the influence of the aperture assumption, analytical and numerical, 
on the predicted values of Keff for fractured media. 
 
Methodology 
 
This section describes governing equations and computational methods to obtain fracture, matrix and effective 
permeabilities as well as describing the aperture models that govern fracture permeability. 
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Steady State Single-Phase Flow  
 
Simulations are steady state flow with single-phase incompressible fluid, the flow is pressure driven and it is restricted 
to the conservation of volume (Equation 1): 
 
 𝛻. 𝑞 = 0, (1) 
 
In which Darcy´s relationship of filtration describes flux as (Equation 2): 
 
 𝑞 = −
𝑘
𝜇
𝛻𝑃, (2) 
 
where q(m/s), the specific discharge, is obtained by the Darcy’s law and 𝜇(Pa.s) is the fluid viscosity, k is permeability of the 
rock matrix and P (Pa) is the fluid pressure. Equation 2 is discretized and solved by applying the finite element method (FEM) 
(c.f. Paluszny and Matthai. 2010). Permeability is defined at each element. The rock matrix elements are also defined as 
having a constant permeability 𝑘𝑚.  
 
Effective Permeability 
 
To calculate the effective permeability of the fractured porous medium, 𝑘𝑒𝑓𝑓 , the boundary fluxes are integrated and the 
model discharge q is then obtained. The 𝑘𝑒𝑓𝑓is approximated for a given macroscopic water flow gradient by Equation 3: 
 
 𝑘𝑒𝑓𝑓 =
𝑞𝜇𝐿
𝐴(𝑝(𝑢)−𝑝(𝑑))
, (3) 
 
 
where q (m/s) is the model throughput, L (m) is the model length in the flow direction, A (m
2
) is the cross sectional area 
perpendicular to the flow direction, p(u) (Pa) is the upstream pressure and p(d) (Pa) is the downstream pressure applied to the 
model boundaries (c.f. Paluszny and Matthai. 2010). 
 
Fracture permeability 
 
Fracture permeability 𝑘𝑓 is calculated for each fracture using Equation 4 and its value is constant through each 
centerline for each step (Equation 5). Flow through rock fractures has been described as being governed by the cubic law, and 
it assumes that the fracture is the region between two smooth parallel plates (Zimmerman and Bodvarsson, 1996; Yeo et al., 
1998). The flow through the fractures is considered to be laminar and ℎ is the local fracture aperture. 
 
 𝑘𝑓 =
ℎ3
12
 , (4) 
 
The parallel plate law is applied locally and in steps. In this work fractures are assumed to be void meaning that the 
porosity inside the fracture is 1. For varying fractures apertures, in the case which aperture is not assumed constant, apertures 
are defined in an element-by-element manner, as follows (Equation 5): 
 
 𝑘𝑓 = 〈𝑘𝑓0| … |𝑘𝑓𝑖| … |𝑘𝑓𝑒〉, (5) 
 
where each fracture 𝑓, is composed by fe elements, and 𝑘𝑓𝑖 is the permeability for each element. When the fracture aperture is 
zero the total permeability will be defined as the sum of the fracture and matrix permeability. 
 
Fracture aperture 
 
Real rock fractures have variable apertures, and these are constraint by a range of factors that include fluid pressure, 
length, geomechanical stresses, type of rock, type of fracturing mechanism, among others. As the hydraulic conductivity of the 
each fracture depends on its aperture, it highlights the importance of including, as realistically as possible, a model that 
describes these features. From the literature, it was possible to identify five distinct methods to model these features: log-
normal, Renshaw and Park model, Pollard and Segall model, Cruikshank et al. model and Baghbanan and Jing model. 
Additionally, we decided to include the fixed model in order to understand what is the effect of the simplification of this 
characteristic.  
In this work, we compare the effect of aperture estimates in the context of fracture networks on effective permeability 
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of stochastically generated media. The following are the methods used herein. 
 
Fixed Apertures 
 
Fixed apertures are often assumed to be the hydraulic aperture, computed through deterministic or experimental 
approaches, such as Smith, Mase and Schwartz (1987). The main drawback is that there is no fracture roughness and no 
variations, and so connectivity is a function of topology. Assigning fixed apertures to a fractured model would, in theory, be 
the simplest solution, decreasing the computational time and complexity. This assumption will provide a benchmark for the 
study of other existing options of aperture distributions. This model assumes that all fractures have the same aperture value 
from tip to tip. 
 
Stochastic: Log-normal Aperture Distribution 
 
As mentioned in the previous chapter, the lognormal fracture aperture distribution is a hypothesis that has been 
acknowledged by some authors (c.f. Baghbanan and Jing, 2007) claiming empirical evidences. This aperture distribution relies 
on observed data and follows a probabilistic approach having as an input the mean and the variance of aperture values. This 
model assumes that each fracture has a constant value of aperture from tip to tip. 
The lognormal distribution is described by the probability density function (Equation 6) 
 
 𝑓(𝑥) =
1
𝑥𝑙𝑜𝑔𝑦𝜎√2𝜋
𝑒𝑥𝑝 {−
1
2
 (
𝑙𝑜𝑔𝑥 − ?̅?
𝑦𝜎
)
2
}, (6) 
 
 
where ?̅? and 𝑦𝜎 are the mean and standard deviation in the log10 space. 
In this case, it is necessary to generate a population of uniform values; hence two series of n uniform values (for 
instance from 0 to 1) named U and V respectively are created. This population needs to be transformed into a standard normal 
distribution; this will be achieved using the Box-Muller method that outputs a normally distributed population using the 
following Equation (7): 
 
 𝑋 =  √−2 ∗ log𝑈 ∗ cos (2𝜋𝑉), (7) 
 
with the output values obtained from Equation 7 it is possible to transform this population of standard normal distribution X 
into a standard lognormally distributed population LX with the Equation (8): 
 
 𝐿𝑋 =  𝑒𝑋, (8) 
 
Having obtained the Lognormal population of values from the previous equation it is now necessary to normalize the 
variable LX in order to be able to obtain a standard log normal population Y with a mean and a standard deviation desired:  
 
 𝑌 =  µ + 𝜎 ∗ (
𝐿𝑋−µ(𝐿𝑋)
𝜎(𝐿𝑋)
), (8) 
 
where µ is the mean, σ is the variance, and µ(LX) and σ(LX) is the mean and variance of the population LX, respectively. This 
way it is guaranteed that the entry is an uniform value (for instance from 0 to 1) and it yields a value for a lognormal with the 
desired mean and variance. 
 
Length dependent: Renshaw and Park  
 
According to the linear elastics fracture mechanics theory W, the maximum aperture of an isolated tensile fracture 
(Equation 9), scales linearly with fracture length of 2a (Renshaw and Park, 1997): 
 
 𝑊 = 𝜎
(1−𝜐)
𝜇
(2𝑎), (9) 
 
where 𝜎 is the effective driving stress (remote tension plus the internal fluid pressure), 𝜐 and 𝜇 are Poisson’s ratio and the 
shear modulus, respectively. When multiple fractures are present, the stress perturbations induced by each fracture will 
interact, in some locations positively and in others negatively. 
This model is only suitable when applied to situations where a tensile stress state is present. However it takes into 
account the fluid pressure and this fact might make this model suitable for situations where there is fluid injection. 
 
Impact of fracture aperture distributions on effective permeability of fractured reservoirs 5 
Length dependent: Pollard and Segall 
 
The fluid pressure dependent expression (Equation 10) (c.f. Cruikshank et al., 1991): 
 
 𝑊 = 2(𝜎𝑦𝑦 + 𝑝)(
1−𝜈
𝜇
)√𝑎2 − 𝑥∗2, (10) 
 
where W is the width of the joint at any position, 𝑥∗, measured from mid-length. 𝜈 and 𝜇 are the Poisson’s ratio and the shear 
modulus respectively, a is the fracture half-length, p is the fluid pressure in the crack and finally 𝜎𝑦𝑦 is the far field stress in 
the yy direction. The displacement across the faulted joint, U, is defined as: 
 
 𝑈 = 2𝜎𝑥𝑦(
1 − 𝜈
𝜇
)√𝑎2 − 𝑥∗2 (11) 
This aperture model is, as the previous one, suitable for tensile stress situations and it also takes the fluid pressure into 
account rendering it suitable for injection profiles. The major difference in the two models relies on the fact that this one is 
length dependent, in other words, the aperture within each fracture grows from the tip to the center of the fracture as opposed 
to a constant value from tip to tip. Normal tensile stresses and compressive pressure are considered to be positive. 
 
Pseudo-mechanic:  Cruikshank et al. (1991) 
 
This method applies when a kinked tail crack or a secondary fracture occurs, due to the assumption that the stress 
intensity at the end of a tail crack fracture is equal to the fracture toughness 
 
 𝑊𝑖 =
2𝐾𝐼𝐶
√𝜋𝑎
(
1−𝜈
𝜇
)√𝑎2 − 𝑥∗2, (12) 
 
where Wi is the width of the joint at any position, 𝑥
∗, measured from mid-length. 𝜈 and 𝜇 are the Poisson’s ratio and the shear 
modulus respectively, a is the fracture half-length and 𝐾𝐼𝐶  is the critical value of the stress intensity factor. This model is 
suitable for compressive stress situations. The aperture within each fracture grows from tip to center of each fracture. 
 
Pseudo-mechanic:  Baghbanan and Jing (2008) 
 
Empirical model to predict the mechanical behavior of rock fractures in the direction normal to the mean fracture plane, 
when the hydraulic aperture is log-normally distributed and correlated with fracture trace length, as follows 
 
 𝛿 = (
𝜎𝑛
𝜎𝑛+𝑘𝑛0𝛿𝑚
) 𝛿𝑚, (13) 
 
where 𝛿 is the fracture closure, 𝛿𝑚 is the maximum fracture closure; 𝜎𝑛 is the effective normal stress and 𝑘𝑛0 is the empirical 
parameter representing the initial normal stiffness. This model is suitable from compressive stress regimes. The aperture value 
within each fracture is constant from tip to tip. 
 
Validation 
 
In the validation process we aim to ensure that the computational model is representing accurately the stress state that 
the fracture datasets will be subjected to. This will be performed for the stress dependent aperture models and for the stress 
state itself using a single fracture (Figure 2). The values obtained from the implemented computational solutions will then be 
compared with those obtained with an analytic solution in order to validate or ensure the reliability of the results obtained with 
the implemented tools. 
 
Stress Regime 
 
The basic assumption taken to provide the stress tensor is the Andersonian stress state (Figure 1). Which means that the 
vertical stress is perpendicular to the earth’s surface and the minimum and maximum horizontal stresses are in the XY plane.  
By specifying the trend of maximum principle stress as deviation from north (x-axis), we fully constrain the far-field stress 
state. 
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Figure 1 Andersonian stress state, where Z axis is perpendicular to the earth’s surface, the X axis corresponds to the North and the Y 
axis to the East. 𝝈𝑯 𝒂𝒏𝒅 𝝈𝒉 are perpendicular to each other and 𝜶 is the trend angle between the X axis and 𝝈𝑯. 
 
Implementation 
 
Normal and shear stresses are analytically computed locally for each fracture (finite element), allowing for non-planar 
fractures. In addition, the implementation doesn’t allow local stress variations due to possible discontinuities; in other words, 
each fracture has one stress regime thus, fracture connectivity is not accounted for nor its resulting local stress perturbations.  
 
Analytical Validation: Stress Regime 
 
Applying a stress state of 𝜎𝐻 = 25MPa, 𝜎ℎ = 20MPa and 𝜎𝑛 = 30MPa, and a trend of 𝛼 = 45° to a single fracture 
inclined with the angle 𝜃 = 45° (Figure 2), we compare analytic solutions for normal and shear stress with those obtained 
from the fracture characterization tool. 
 
Figure 2 Single fracture with 3.7m radius with a trend 𝜶 of 45º and inclined 𝜽 of 0º, where the analytical validation will be performed. 
(a) Shear stress (b) Normal stress (c) Distance to centre. 
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In order to obtain the analytic solution validate the case where there is a rotation over the ZZ axis, 𝛼 = 45°, it is 
necessary to start by applying the transformation rule to the stress tensor (Equation 14), 𝜎′ = 𝐴𝜎𝐴𝑇, where A is the rotation 
matrix over the ZZ axis: 
 
 𝜎′ = [
𝑐𝑜𝑠𝛼 −𝑠𝑖𝑛𝛼 0
𝑠𝑖𝑛𝛼 𝑐𝑜𝑠𝛼 0
0 0 1
] ∗ [
25 0 0
0 20 0
0 0 30
] ∗ [
𝑐𝑜𝑠𝛼 𝑠𝑖𝑛𝛼 0
−𝑠𝑖𝑛𝛼 𝑐𝑜𝑠𝛼 0
0 0 1
], (14) 
 
this transformation yields the stress tensor with a 45º trend (Equation 15):  
 
 [
𝜎𝑥𝑥 𝜎𝑥𝑦 𝜎𝑥𝑧
𝜎𝑦𝑥 𝜎𝑦𝑦 𝜎𝑦𝑧
𝜎𝑧𝑥 𝜎𝑧𝑦 𝜎𝑧𝑧
] = [
22.5 2.5 0
2.5 22.5 0
0 0 30
], (15) 
 
The next step is to obtain the normalized surface unit normal to the fracture plane, dividing the vector normal to the 
fracture surface (−1, 0, 1) with the vector’s length √(−1)2 + (1)2 = √2, which then yields the normalized surface unit 
normal vector (−
1
√2
, 0,
1
√2
). After this we are able to calculate the normal stress on the fracture surface 𝜎𝑛 by applying 
Equation 16: 
 
 𝜎𝑛 = 𝜎𝑥𝑥𝑛𝑥
2 + 𝜎𝑦𝑦𝑛𝑦𝑦
2 + 𝜎𝑧𝑧𝑛𝑧
2 + 2𝜎𝑦𝑧𝑛𝑦𝑛𝑧 + 2𝜎𝑧𝑥𝑛𝑧𝑛𝑥, (16) 
 
this yields 𝜎𝑛 = 26.25 MPa. 
Finally, to obtain the shear stress we have to first calculate the traction vector, T, by multiplying the normalized surface 
unit normal vector by the stress tensor with 45º trend, calculated above. 
 
 𝑇 = [
𝜎𝑥𝑥 𝜎𝑥𝑦 𝜎𝑥𝑧
𝜎𝑦𝑥 𝜎𝑦𝑦 𝜎𝑦𝑧
𝜎𝑧𝑥 𝜎𝑧𝑦 𝜎𝑧𝑧
] ∗ [
𝑛𝑥
𝑛𝑦
𝑛𝑧
], (17) 
 
 [
22.5 2.5 0
2.5 22.5 0
0 0 30
] ∗ [
−
1
√2
0
1
√2
] =
[
 
 
 
 −
22.5
√2
−
2.5
√2
30
√2 ]
 
 
 
 
, (18) 
 
Using the same process as before, to calculate the vector’s length and with this value we can finally obtain the shear 
stress, 𝜏𝑛, applying: 
 
 𝜏𝑛 = √𝑇2 − 𝜎𝑛2, (19) 
 
this yields 𝜏𝑛 = 4.145780988 MPa.  
The values obtained through the detailed analytical solution before are consistent with the results obtained from the 
computational method used. From the Table 1 it is clear that for other values of trend (𝛼 =0°, 30°, 45°, 90° and 120°) the 
values obtained from both sources are consistent, within O(10
-4
) 
 
 𝜖 =
𝜎𝐴𝑛 − 𝜎
𝜎𝐴𝑛
 (20) 
 
Where 𝜎𝐴𝑛 is the normal stress obtained by the analytical solution and 𝜎 is the normal stress obtained by the implemented 
computational solution. 
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Table 1 Values obtained for normal, 𝝈𝒏 and shear, 𝝉𝒏 stresses through the validation and computational 
solutions, for each value of trend 𝜶, and each relative maximum error, 𝜺. 
Trend, 𝛼 º(Degrees) 0º 30º 45º 90º 120º 
Analytical validation 
𝜎𝑛(MPa) 27.5 26.875 26.25 25 25.625 
𝜏𝑛(MPa) 2.5 3.479852727 4.145780988 5 4.635124054 
Computed values 
𝜎𝑛(MPa) 
(min-max) 
27.49999 – 
27.50001 
26.87499 – 
26.87502 
26.249999 – 
26.25002 
24.999999 – 
25.00002 
25.62499 – 
25.62502 
𝜏𝑛(MPa) 
(min-max) 
2.5 
3.47985 – 
3.47986 
4.14578 – 4.14579 5 
4.635121 – 
4.635127 
Error (𝜖), Equation 20 
𝜖 (𝜎𝑛) 3.63636×10
-7
 9.22791×10-4 7.61905×10-7 8×10-7 7.80488×10-7 
𝜖 (𝜏𝑛) 0 2.09003×10
-6
 2.17378×10-6 0 6.35582×10-7 
 
Analytical Validation: Aperture Models 
 
To validate the following aperture models we will use the following random values (Table 2): 
 
Table 2 Parameters used to perform the analytical validation of the aperture models. 
𝜎𝑥 = 25MPa Shear modulus, 𝜇 = 10MPa 
Critical Stress Intensity factor, 𝐾𝐼𝐶 =
1.5MPa 
𝜎𝑦 = 20MPa Fracture length, 𝐿 = 7.4m Initial normal stiffness, 𝑘𝑛0 = 10MPa 
𝜎𝑧 = 30MPa 𝛼 = 45° Maximum aperture, 𝛿𝑚 = 0.001m 
Poisson’s ratio, 𝜐 = 0.23 Pressure, 𝑃 = 18MPa Fracture half-length, 𝑎 = 3.7m 
 
Table (3) lists all obtained values and the measured relative error  (𝜖), obtained using Equation 20. Results show that 
the implemented solution has a reasonable degree of accuracy, as the error between the solutions is at least 2 orders of 
magnitude below the results. The analytic validation equations are Shown in Appendix D. 
 
Table 3 Comparison between the aperture values obtained from the analytical solution and obtained from 
the solution implemented in the software. 
Model Analytic Aperture (m) Numerical Aperture (m) Error (𝜖), Equation 21 
Renshaw and Park 1.4245×10-1 1.43×10-1 3.861004×10-3 
Pollard and Segall 1.4245×10-1 1.43×10-1 3.861004×10-3 
Cruickshank et al. 2.50691×10-1 2.51×10-1 1.23×10-3 
Baghbanan and Jing 10.39192×10-4 9.98789×10-4 3.89×10-2 
 
*Note: For the two first models, sigma is tensile (negative in both cases), so we applied the same stress state but increased the 
fluid pressure above the normal stress (26.5 MPa), in order to obtain reasonable magnitudes of aperture. 
 
Experimental Setup 
 
The effective permeability is computed from three fracture sets of different rock types with the same fracture intensity 
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and for three randomly generated fracture sets with increasing fracture density. 
 
Fracture Geometry 
 
To perform this study, six fracture data sets were created (Figure 3) that can be divided in two groups. The first three 
(Set1, Set2 and Set3) are single set fractures within a rock mass of 200x200x200m, randomly generated with increasing 
fracture intensity (P32= 0.1, 0.2 and 0.3 respectively). Their orientation is 85ºpole trend and 15º plunge obeying a Fisher 
distribution. The fracture size obeys a power law distribution with the minimum length of 30m. The fracture shape obeys a 
constant distribution with six sides and their elongation axis is 90ºpole trend and 0º plunge.  
The second group of datasets represents real rock oriented fractures: Set 4, Set 5 and Set 6. All of these sets have the 
dimensions of 190x162x8m and their intensity adds up to 0.45 P32. Each set is composed by fractures of different orientations 
(Appendix C), they are constant in size (4m) and their shape obeys a constant distribution with eight sides and elongation axis 
of 90º Pole and 0º plunge. A summary of the dataset characteristics is provided in Table 4. 
 
Table 4 Summary of the fracture dataset characteristics. 
Fracture Dataset 
Nº Fracture 
Orientations 
Dataset 
Dimension (m) 
Fracture Intensity Nº Fractures 
Fracture Radius 
(m) 
1 1 200X200X200 0.1 990 30 
2 1 200X200X200 0.2 1856 30 
3 1 200X200X200 0.3 2836 30 
4 5 190X162X8 0.45 2620 4 
5 4 190X162X8 0.45 2499 4 
6 5 190X162X8 0.45 2542 4 
 
 
 
Figure 3 Fracture Datasets (a) Set 1 – 200x200x200m, 990 fractures, 0.1 intensity; (b) Set 2 – 200x200x200m, 1856 fractures, 0.2 
intensity; (c) Set 3 – 200x200x200m, 2836 fractures, 0.3 intensity; (d) Set 5 – 190x162x8m, 2499 fractures, 0.45 intensity; (e) Set 6 – 
190x162x8m, 2542 fractures, 0.45 intensity; (f) Set 4 – 190x162x8m, 2620 fractures, 0.45 intensity. 
 
Stress State 
 
The computation of fracture apertures will be constrained by geomechanical assumptions shown on Appendix E for all 
datasets. For the first three random datasets (Set 1, Set 2 and Set 3) the rock characteristics taken are presented on the second 
table, and for the real rock fracture datasets (Set 4, Set 5 and Set 6) the same characteristics are presented on the third table. 
The stress regimes vary between compressive and tensile according to each aperture model, as previously mentioned. 
The same compressive stress regime was applied to the Fixed, Lognormal, Cruikshank and Baghbanan and Jing aperture 
models so it will be possible to establish comparisons between these models, while the same tensile stress regime was applied 
to Renshaw and Park and Pollard and Segall models and so the same comparison can be made for these two models. 
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Flow Properties 
 
Water will be used to simulate flow with 8.69×10-4 Pa s of viscosity, matrix porosity was 𝜙𝑚 = 0.25 and matrix 
permeability of 𝑘𝑚 = 1 × 10
−15m
2
. 
 
Simulations 
 
The simulations were performed in four steps. Initially six fracture datasets were created, as detailed and depicted 
above. The second step was to mesh these datasets, this corresponds to division of the whole volume of the datasets in smaller 
units of constant volume. After, each of these blocks will be populated with all the parameters (previously named, defined and 
explained) that will be needed to obtain, directly or indirectly, the effective permeability, 𝑘𝑒𝑓𝑓 . Finally, the last step is to 
compute the effective permeability of the fractured porous medium, and the results being acquired by sampling with a size of 
10% of the smallest dimension of the dataset, which for the set 1, 2 and 3 is 20m and for the remaining three datasets is 0.8m.  
 
Results and Discussion 
 
This section presents a summary of the results obtained for each aperture model in each of the datasets (Table 5) and 
the discussion and interpretation of these results. 
 
Table 5 Results obtained, effective permeability in meters per second for each aperture model in each 
dataset. 
Dataset Keff Fixed Log-Normal 
Renshaw and 
Park 
Pollard and 
Segall 
Cruikshank 
Baghbanan and 
Jing 
Set 1 
Max 4.27×10
-12
 4.03×10
-14
 1.05×10
-15
 1.05×10
-15
 5.10×10
-14
 3.85×10
-12
 
Min 5.68×10
-13
 5.85×10
-15
 1.01×10
-15
 1.01×10
-15
 7.47×10
-15
 5.11×10
-13
 
Med 3.84×10
-12
 3.69×10
-14
 1.02×10
-15
 1.02×10
-15
 4.54×10
-14
 3.46×10
-12
 
Set 2 
Max 1.13×10
-11
 6.78×10
-14
 1.14×10
-15
 1.13×10
-15
 1.27×10
-13
 1.01×10
-11
 
Min 1.63×10
-12
 1.03×10
-14
 1.02×10
-15
 1.02×10
-15
 1.93×10
-14
 1.46×10
-12
 
Med 1.11×10
-11
 6.27×10
-14
 1.07×10-
15
 1.07×10
-15
 1.26×10
-13
 1.00×10
-11
 
Set 3 
Max 2.47×10
-11
 1.48×10
-13
 1.42×10
-15
 1.41×10
-15
 3.18×10
-13
 2.22×10
-11
 
Min 4.48×10
-12
 2.67×10
-14
 1.07×10
-15
 1.07×10
-15
 5.74×10
-14
 4.00×10
-12
 
Med 2.44×10
-11
 1.43×10
-13
 1.20×10
-15
 1.20×10-15 3.12×10
-13
 2.20×10
-11
 
Set 4 
Max 1.28×10
-11
 1.19×10
-13
 1.29×10
-15
 1.11×10
-15
 8.18×10
-15
 1.60×10
-11
 
Min 1.92×10
-12
 3.61×10
-14
 1.00×10
-15
 1.00×10
-15
 3.29×10
-15
 4.92×10
-12
 
Med 6.37×10
-12
 8.43×10
-14
 1.01×10
-15
 1.01×10
-15
 6.83×10
-15
 1.25×10
-11
 
Set 5 
Max 1.61×10
-11
 1.14×10
-13
 6.66×10
-15
 2.06×10
-15
 1.25×10
-14
 1.44×10
-11
 
Min 3.21×10
-12
 2.18×10
-14
 9.99×10
-16
 1.01×10
-15
 3.34×10
-15
 2.85×10
-12
 
Med 1.21×10
-11
 6.90×10
-14
 2.08×10
-15
 1.27×10
-15
 1.03×10
-14
 1.08×10
-11
 
Set 6 
Max 1.88×10
-11
 1.26×10
-13
 5.22×10
-15
 2.59×10
-15
 5.72×10
-15
 1.69×10
-11
 
Min 6.88×10
-12
 4.01×10
-14
 1.02×10
-15
 1.01×10
-15
 2.75×10
-15
 6.17×10
-12
 
Med 1.04×10
-11
 6.14×10
-14
 1.11×10
-15
 1.07×10
-15
 3.96×10
-15
 9.33×10
-12
 
 
In Figures 4, 5 and 6 the results of dimensionless effective permeability versus six fracture aperture models for each 
fracture dataset. However, the Renshaw and Park and Pollard and Segall models are applied for tension boundary conditions, 
as mentioned before, as opposed to the remaining models which are applied to computing apertures in compressive boundary 
conditions. In the interest of space these results are presented in the same plots. 
These graphs show that the Fixed and Baghbanan and Jing models predict very close results, within the same order of 
magnitude, for each dataset, being also the models that predict higher effective permeabilities, more than two orders of 
magnitude than the other four models. The Lognormal aperture distribution predicts effective permeabilities in the same 
magnitude as the Cruikshank model for the first three datasets while for the real rock fracture datasets (Set 4, 5 and 6) the 
Lognormal model predicts higher effective permeabilities close to one order of magnitude higher. This is due to the impact of 
fracture length in the Cruikshank model, it is possible to notice that where the fractures have more than 30m (Set 1, 2 and 3) 
the prediction is in the same range while for relative small fractures of 4m (Set 4, 5 and 6) the prediction decreases. In addition 
to that the Cruikshank model outputs apertures that are zero in the fracture tips and then increase towards the center while the 
lognormal model outputs a constant aperture value for each fracture, from tip to tip. 
The tensile models Renshaw and Park and Pollard and Segall predict very low effective permeabilities as they are 
affected by the fluid pressure to compute the aperture. It is possible to notice that for these models that there is an increase of 
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prediction for the real rock fracture sets (Set 4, 5 and 6), leading to the assumption that smaller fractures show a higher 
response to fluid pressure than bigger fractures. 
 
 
Figure 4 Logarithm of dimensionless effective permeability versus fracture aperture distributions for fracture dataset 1 (left) and 
fracture dataset 2 (right). 
 
 
Figure 5 Logarithm of dimensionless effective permeability versus fracture aperture distributions for fracture dataset 3 (left) and 
fracture dataset 4 (right). 
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Figure 6 Logarithm of dimensionless effective permeability versus fracture aperture distributions for fracture dataset 5 (left) and 
fracture dataset 6 (right). 
 
In Figures 7, 8 and 9 the results of dimensionless effective permeability versus six fracture datasets for each fracture for 
each fracture aperture distribution. These graphs show another method of grouping the data obtained in order to show the 
impact of increasing fracture count, as well as increasing fracture intensity (from 0.1 till 0.45). It is noticeable a steady, almost 
linear increase in the effective permeability prediction for the first three datasets (set 1, 2 and 3) on all aperture models, 
showing that the fracture intensity plays a crucial role on effective permeability calculations.  
From the first three datasets to the last three there is an increase of intensity of 0.15, but this fact is only demonstrated 
in the results in the fracture set 6 for all the models while for the sets 4 and 5 there is a decrease compared to set 3. This 
enhances the assumption that the fracture length also plays a great role in the effective permeability results, naturally the 
smaller the fracture the less volume for unrestricted flow. In fracture set 6 however there is a “jump” of two orders of 
magnitude for all aperture models in comparison to sets 4 and 5. Although there is a slight decrease in the fracture count the 
expected behavior was also a negative impact of the effective permeability measurements and this doesn’t occur. 
 
 
Figure 7 Logarithm of dimensionless effective permeability versus fracture dataset for fixed (left) and lognormal (right) aperture 
distributions. The fracture sets increase fracture intensity from 0.1 (Set 1), 0.2 (Set 2), 0.3 (Set 3) and 0.45 (Set 4, 5 and 6). 
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Figure 8 Logarithm of dimensionless effective permeability versus fracture dataset for Renshaw and Park (left) and Pollard and Segall 
(right) aperture distributions. The fracture sets increase fracture intensity from 0.1 (Set 1), 0.2 (Set 2), 0.3 (Set 3) and 0.45 (Set 4, 5 and 
6). 
 
 
Figure 9 Logarithm of dimensionless effective permeability versus fracture dataset for Cruikshank (left) and Baghbanan and Jing 
(right) aperture distributions. The fracture sets increase fracture intensity from 0.1 (Set 1), 0.2 (Set 2), 0.3 (Set 3) and 0.45 (Set 4, 5 and 
6). 
Figure 10 shows the anisotropy analysis. In the first three fracture datasets (1, 2 and 3) the anisotropy is paired for 
Fixed and Baghbanan and Jing models, for Lognormal and Cruikshank models and for Pollard and Segall and Renshaw and 
Park models. For the last three datasets, representing real rock fractures, the Lognormal and the Baghbanan and Jing models 
have similar anisotropies. There is an underlining trend of decreasing anisotropy as the fracture count and the fracture intensity 
increase, except of the tensile models, Renshaw and Park and Pollard and Segall. However, there are some anomalies namely 
for the fracture set 4 with fixed aperture where there is a visible increase in this parameter. Apart from this all the other models 
show an increase of the anisotropy from set 4 to set 5, reflecting the withdrawal of one fracture set within the fracture model 
(from 5 sets to 4 sets). They decrease with the inclusion of one more fracture direction in set 6. The Pollard and Segall model 
however doesn’t show this general trend showing not only the impact of the fracture size (4 meters) but also the impact of an 
increasing aperture to the fracture center within these small fractures with a tensile model very dependent on the fluid pressure. 
It is also possible to notice that the models have very close values of anisotropy in Set 6 with the exception of the tensile 
Renshaw and Park aperture model. 
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Figure 10 Anisotropy for each model within each fracture dataset. The fracture sets increase fracture intensity from 0.1 (Set 1), 0.2 
(Set 2), 0.3 (Set 3) and 0.45 (Set 4, 5 and 6). 
 
Conclusions 
 
The novelty of this project is the comparison between four different fracture aperture models in a compressive stress 
regime and between two models in a tensile stress regime. These models where applied on six different fracture datasets, with 
increasing intensities from 0.1 to 0.45. Three sets were randomly generated and the other three were based on real rock 
fracture orientations. Results indicate that the use of different models can have a significant impact on the outcome of the 
effective permeability simulations, up to three orders of magnitude. Some of the apertures yield similar permeability 
measurements, namely the Fixed and the Baghbanan and Jing models. The tensile models predict the lowest results of 
effective permeability as they are constrained by the fluid pressure that helps increasing the fracture apertures, these models 
might be fit to injection situations or where the tensile stress state is occurring. The compressive models, Cruikshank and 
Baghbanan and Jing also predict different orders of magnitude from two to four depending on the fracture dataset with the 
latter being the model that predicts the higher effective permeability. Regarding, anisotropy of the models it was noticed that 
the size and direction of fractures have a big impact on the effective permeability predictions, and with increasing fracture 
density all the models seem to converge (as a general trend) to the same value of anisotropy. 
 
As these conclusions rely on a limited set of simulations it would be interesting for future work purposes to investigate the 
same aperture models subjected to variable values of stress regimes as well as a wider variety of fracture orientations and 
lengths based on different known fractured rocks. This would be useful to better understand how the fracture aperture models 
behave and give additional relevance and consistency to the results obtained in this paper. 
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Appendix A  
Critical Literature Review 
 
Milestones 
Paper Reference Year Title Authors Contribution 
Water Resources 
Research 
1969 
Anisotropic Permeability 
of Fractured Media 
Snow, D.T. 
Provided Mathematical approach for 
networks with parallel plate openings. 
Methods used for the Finite Element 
Method (FEM) model validation. 
28th US Symposium on 
Rock Mechanics 
1987 
Estimation of fracture 
aperture using hydraulic 
and tracer tests 
Leslie Smith, Charles 
W.Mase and Franklin 
W.Schwartz 
Interpretation of potential errors of 
hydraulic and tracer tests designed to 
obtain estimates of fracture apertures. 
Examination using numerical 
experiments on synthetic fracture 
networks. 
Rock Mechanics and 
Rock Engineering 21, 
21--51 
1988 
Characterizing Rock Joint 
Geometry with Joint 
System Models 
W. S. Dershowitz and 
H. H. Einstein 
Description of currently available models 
of joint systems on the basis of the 
models’ geological, geometrical and rock 
mechanics implications. 
Journal of Structural 
Geology, Vol. 17, No. 
3, pp. 423 to 434 
1995 
Relation between vein 
length and aperture 
Jan M. Vermilye And 
Christopher H. Scholz 
Determination of a general scaling 
relationship between the length and 
opening displacement in veins formed in 
a variety of rock types and tectonic 
environments 
Physical Review E 57, 
4466–4479 1998 
Permeability of three- 
dimensional fracture 
networks 
N. Koudina, R. 
Gonzalez Garcia, J.-F. 
Thovert and P. M. 
Adler 
Developed a full solution of the steady 
flow problem in a 3D network with a 2D 
polygonal fracture. 
Proposed analytical method to predict 
Keff for fracture network with fixed 
apertures. 
Int. J. Rock Mech. Min. 
Sci. Vol. 35, No. 8, pp. 
1051-1070 
1998 
Effect of Shear 
Displacement on the 
Aperture and Permeability 
of a Rock 
I. W. Yeo, M. H. De 
Freitas and R. W. 
Zimmerman 
Experiments using radial and 
unidirectional flow in a single rough 
aperture compared with numerical 
predictions of aperture and permeability 
due to the effect of shear displacement. 
International Journal of 
Rock Mechanics & 
Mining Sciences 44 
(2007) 704-719 
2006 
Hydraulic properties of 
fractured rock masses with 
correlated fracture length 
and aperture 
Alireza Baghbanan and 
Lanru Jing 
Permeability of fractured rocks 
correlating distributed apertures and 
trace lengths. Influence of aperture 
distribution on the existence of a 
Representative Elementary Volume 
(REV). 
International Journal of 
Rock Mechanics & 
Mining Sciences 43 
2006 
Size effect on aperture and 
permeability of a fracture 
as estimated in large 
synthetic fractures 
K. Matsuki, Y. Chida, 
K. Sakagucha, P.W.J. 
Glover 
New spectral method reproducing the 
ratio of the power spectral density of the 
initial aperture to that of the surface 
height for tensile large fractures. Size 
impact on fracture aperture and 
permeability. 
Physical Review E 76, 
036309 
2007 
Effective permeability of 
fractured porous media 
with power-law 
distribution of fracture 
sizes 
I. I. Bogdanov, V. V. 
Mourzenko, J.-F. 
Thovert and P. M. 
Adler 
Provided ideas of the effective 
permeability of fractured porous media 
with a power-law distribution of fracture 
sizes. 
International Journal of 
Rock Mechanics & 
Mining Sciences 45 
(2008) 1320–1334 
2008 
Stress effects on 
permeability in a fractured 
rock mass with correlated 
fracture length and aperture 
Alireza Baghbanan and 
Lanru Jing 
Development of a nonlinear algorithm 
for prediction of normal stress-normal 
displacement behavior of fractures. 
Correlations between aperture and 
length. 
Journal of Geophysical 
Research: Volume 
115, Issue B2 
2010 
Impact of fracture 
development on the 
effective permeability of 
porous rocks as 
determined by 2-D 
discrete fracture growth 
modeling 
A. Paluszny and S. K. 
Matthai 
Measured effective permeability of 
fracture networks with mechanical 
apertures. Results show that 
percolation is highly dependent on 
fracture aperture size distribution. 
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Water Resources Research (1969) 
 
Anisotropic Permeability of Fractured Media 
 
Authors: Snow, D.T. 
 
 
Contribution to the understanding of fracture aperture impacts on effective permeability: 
 
This paper presents a method for analytical computation of anisotropic effective permeability in fractured media. 
 
Objective of the paper: 
 
The author aims to model a wide variety of fractured media whose geometries are between individual planar conductors (faults) that are 
independent and infrequent so that they can be taken as individual channels and, aggregates of fractures that resemble sedimentary pores and 
can be considered as continuous media. These can have any number of planar conductors of any orientation and any fine aperture. 
In addition to this, a relationship between force and flow in idealized fractured porous media is to be established by the means of the three-
dimensional anisotropic Darcy’s law. 
Finally, the author aspires to predict principal axes from field observations of joint systems in order to be able to determine principal 
permeabilities. 
 
Methodology used: 
 
In order to develop methods of interpreting anisotropy from joint orientation data, idealized model media were analyzed to establish the 
relationship between anisotropy and the geometry of conduit systems or vice-versa. Every model conduit was assumed to have smooth 
parallel plane walls of indefinite extent and an arbitrary aperture. 
Additionally, to be able to perform the simulation of real fracture orientation, aperture distribution and its spacing, mathematical equivalents 
of parallel plate openings were employed. 
 
Conclusion reached: 
 
This paper contains two sets of conclusions, the first being properties of the fractured media according to the model studies of idealized 
planar conduits, which the more relevant for our work are: 
“If there is flow on each of intersecting parallel plate openings, there is a unique hydraulic gradient generally not lying in either plane, whose 
projections onto the planes cause the flows. The flow through an intergranular porous medium lying between the fractures is proportional to 
such a field gradient.” 
“The tensor permeability of jointed granular porous media may be obtained by superposition of contributions due to the fractures and due to 
the permeable solids.” 
The second set assumes uniformity: 
“The principal axes of any arbitrary system of plane conductors can be estimated from inspection of a stereonet plot of normal but cannot be 
specified unless apertures are measured.” 
Variations in permeability measures, as in drill holes, are consequences of sampling heterogeneity, each test reflecting the properties of a 
few intersected joint conductors in the large population contained in a formation.” 
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28th US Symposium on Rock Mechanics (1987) 
 
Estimation of fracture aperture using hydraulic and tracer tests 
 
Authors: Leslie Smith, Charles W.Mase and Franklin W.Schwartz 
 
 
Contribution to the understanding of fracture aperture impacts on effective permeability: 
 
This paper presents three models to estimate fracture aperture in field tests. 
 
Objective of the paper: 
 
The Authors aim to test several techniques that are used to obtain in situ estimations of fracture apertures. These models will then be 
compared between each other providing a detailed description of their relative accuracy and potential interpretation errors. 
 
Methodology used: 
 
The study is performed by carrying out numerical experiments on synthetic fracture networks, Three estimates are performed: Hydraulic 
aperture, tracer aperture and a volume balance calculation all designed for an assumed axisymmetric flow field established during a steady 
state withdrawal test.  
 
Conclusion reached: 
 
Three main conclusions were withdrawn from this study. First, it was proven that the volume balance calculation wasn’t a reliable estimate 
due to its sensitivity to errors in the areal geometry taken from the region from which the experiment is conducted. Second, was that the 
tracer aperture is sensitive to the positioning of fracture intersections and to the fracture boundary effects. Finally, that the hydraulic aperture 
is the least sensitive to disturbances in the flow field due to the network geometry, although the estimations primarily show the conditions 
near to the withdrawal well. 
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Rock Mechanics and Rock Engineering (1988) 
 
Characterizing rock joint geometry with joint system models 
 
Authors: W. S. Dershowitz and H. H. Einstein 
 
 
Contribution to the understanding of fracture aperture impacts on effective permeability: 
 
This paper presents a review of the developments and the available models, until 1988, of rock joint systems. This paper also reviews most 
of the important concepts that will be dealt with during our project. 
 
Objective of the paper: 
 
The objective of this paper is to review the state of the art in Characterizing rock joint geometry with joint system models. 
 
Methodology used: 
 
- 
 
Conclusion reached: 
 
- 
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Journal of Structural Geology (1995) 
 
Relation between vein length and aperture 
 
Authors: Jan M. Vermilye and Christopher H. Scholz 
 
 
Contribution to the understanding of fracture aperture impacts on effective permeability: 
 
This paper shows the aperture behavior of natural fractures according to their length. 
 
Objective of the paper: 
 
The authors present a description of the geometry of extensional fractures, based on field observations. It is suggested that carefully selected 
veins display geometries representative of fractures at depth of formation and that these geometries constrain models and physical properties 
related to rock fracture.  
 
Methodology used: 
 
Seven field locations were selected, representing a range of rock types and tectonic environments. At each location only one fracture set, 
with a consistent strike, dip and mineral filling, was selected for measurement, in order to limit data to fracture formed within a single 
tectonic environment. A total of 664 fractures were measured. 
The observed geometries are discussed in terms of an elastic-plastic fracture mechanics model for single-segment fractures. Multiple-
segment fracture geometries are discussed in terms of a model that includes the elastic interactions between component segments. 
 
Conclusion reached: 
 
The displacement profiles for multiple-segment fractures can be used to examine the connectedness of the segments. The aspect ratios of 
individual segments and subunits of associated segments within multi-segment fracture, also provide evidence that these segments are not 
isolated features, but dependent parts of larger fractures. Maximum displacements versus length of the fractures indicate a linear relationship 
between length and aperture for single-segment fractures. 
 
Comments:  
 
The mathematical models used are limited to two dimensions. 
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Physical Review (1998) 
 
Permeability of three-dimensional fracture networks 
 
Authors: N. Koudian, R. Gonzalez, J.-F. Thovert and P.M. Adler 
 
 
Contribution to the understanding of fracture aperture impacts on effective permeability: 
 
This paper was the first to develop an analytical method to determine the permeability of a 3D fractured network. 
 
Objective of the paper: 
 
The authors of this paper aim to develop a full solution of the steady flow problem in a general three-dimensional network made of two-
dimensional polygonal fractures. 
 
Methodology used: 
 
The methodology was to use a three-stepped numerical approach. First, the generation of random fracture networks followed by the meshing 
of these networks by triangulation and finally the solution of the local flow equations with computation of the macroscopic flow properties 
using the 2D Darcy equation for each individual fracture. 
 
Conclusion reached: 
 
The Authors point out that the systematic study of the permeability of fracture networks is still beginning and so they choose to name the 
various aspects of these methods that need to be further developed: The fracture density limitations in the triangulation process; More 
complex structures should be numerically studied further and the program that was created to perform this study should be validated for 
other well characterized fractured networks. 
 
Comments: 
 
The fractured networks generation procedure and some geometric characterization tools that are used come from the numerical code 
previously developed by Huseby, Thovert and. 
This numerical application can only be applied to statically homogeneous networks at a much larger scale than typical fracture. 
The fracture distributions modeled in this paper is based on s Poison law and also being spatially periodic.  
Fracture permeability is assumed constant over each fracture and also constant for all the fractures. 
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International Journal of Rock Mechanics and Mining Sciences (1998) 
 
Effect of Shear Displacement on the Aperture and Permeability of a Rock 
 
Authors: I. W. Yeo, M. H. De Freitas and R. W. Zimmerman 
 
 
Contribution to the understanding of fracture aperture impacts on effective permeability: 
 
This paper allows a better understanding of how shear displacement impacts fracture aperture and thus also its impact on permeability. 
 
Objective of the paper: 
 
The authors of this paper aim to study through laboratory experiments the effect of shear displacement, using radial and unidirectional flow 
in a single rough aperture and then compare with numerical predictions of aperture and permeability. 
 
Methodology used: 
 
They Authors developed a testing device that used “boreholes” as monitoring or injection holes in order to determine the directional 
hydraulic properties of fracture through radial flow tests. The experimental apparatus also allowed water flow in two mutually perpendicular 
directions along the fracture plane. 
During the experiments, the variation of aperture and contact distribution was measured at various levels of shear displacement. In addition 
to this, numerical simulations were conducted utilizing the measured aperture field thus enabling a comparison with the experimental results. 
 
Conclusion reached: 
 
This study has concluded that with increased shear displacement the mean aperture and standard deviation increased and the frequency 
histograms showed a normal distribution. 
The radial and unidirectional flow tests showed that with more shear displacement the fracture became more heterogeneous and the 
anisotropy ratio decreased. 
The hydraulic aperture observed during the radial flow experiments was consistent with the geometric mean of the two directional values 
obtained during the uni-directional tests 
Finally, the results of the numerical simulations differed from the hydraulic apertures measured in the tests in between 10 and 25%. 
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International Journal of Rock Mechanics & Mining Sciences (2007) 
 
Hydraulic properties of fractured rock masses with correlated fracture length and aperture 
 
Authors: Alireza Baghbanan and Lanru Jing 
 
 
Contribution to the understanding of fracture aperture impacts on effective permeability: 
 
In this paper, the permeability of fractured rocks is studied by correlating distributed apertures and trace lengths using a new correlation 
equation. It is also studied the influence of aperture distribution on the existence of a Representative Elementary Volume (REV). 
 
Objective of the paper: 
 
The authors of this paper aim to develop a discrete numerical method in order to determine the existence of a representative elementary 
volume (REV) and equivalent permeability tensor of fractured rocks considering correlated distributions of fracture aperture and trace 
length. 
 
Methodology used: 
 
The methodology used in this study begun by finding the mathematical expressions for the correlation between the apertures and trace length 
distributions of fractures. Secondly, simulations of fluid flow were performed in discrete fracture networks (DFN) that were stochastically 
generated with correlated fracture aperture and trace length. Finally, the obtained results were used to assess the existence of the REV, the 
equivalent permeability tensor when the second moment of the aperture distribution changes. 
 
Conclusion reached: 
 
In this study the results demonstrate that the assumption of constant aperture could lead to significant uncertainties in the estimations of REV 
and equivalent permeability for fractured crystalline rocks. Apart from that there is evidence of great scale-dependency of the permeability. 
Equivalent permeability tensors can be approximated only with smaller values of the second moment and with much larger REV size, 
compared to the case of constant aperture. 
For the fracture network models with correlated fracture aperture and length, the overall permeability of the model is more controlled by 
large fractures of higher aperture values. 
 
Comments:  
 
Assuming that the rock matrix is intact and impermeable, which means that fluid will only flow through fractures. 
Assuming that the fluid flow through fractures is consistent with a cubic law for laminar flow and without considering the effects of stresses 
and surface roughness on the variation of aperture and transmissivity of fractures. 
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International Journal of Rock Mechanics & Mining Sciences (2006) 
 
Size effect on aperture and permeability of a fracture as estimated in large synthetic fractures 
 
Authors: K. Matsuki, Y. Chida, K. Sakagucha, and P.W.J. Glover 
 
 
Contribution to the understanding of fracture aperture impacts on effective permeability: 
 
This paper provides a new spectral method of reproducing the ratio of the power spectral density of the initial aperture to that of the surface 
height for tensile large fractures. 
 
Objective of the paper: 
 
With this paper the authors aim to create a new method to study the effect of fracture size on the aperture and permeability on large fractures. 
 
Methodology used: 
 
Synthetic fractal fractures were created by a new spectral method in order for the ratio of the pattern standard deviation (PSD) of the initial 
aperture with the surface height, to be determined for a tensile fracture of 1m. 
The size effect on the standard deviation of the initial aperture was then analyzed for fractures with and without shearing. Subsequently the 
size of the fractures with shearing was reduced in half due to shear offset, while the size of the others was maintained. By using aperture data 
at constant intervals to establish a flow area, water flow was simulated for fractures during both normal closure and closure after shearing by 
solving the Reynolds equation with a finite difference method thus determining the hydraulic aperture. 
 
Conclusion reached: 
 
After all the data analysis an empirical formula was proposed to estimate the hydraulic aperture of a fracture of any size by giving the mean 
aperture and the standard deviation of the initial aperture. 
In addition, it was concluded that when a fracture is closed after shearing, the hydraulic conductivity shows high anisotropy. 
The channels and ridges that are formed perpendicular to the shear displacement cause the anisotropy in the hydraulic conductivity of a 
sheared fracture. 
The magnitudes of channels in the aperture increase with shear displacement and accordingly the anisotropy in the permeability of a sheared 
fracture with the same mean aperture becomes more outstanding as shear displacement increases. 
Channeling flow develops perpendicular to the shear direction and the number of channels increase with fracture size and decrease with 
shear displacement for small fractures. 
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Physical review (2007) 
 
Effective permeability of fractured porous media with power-law distribution of fractured sizes 
 
Authors: I. I. Bogdanov, V. V. Mourzenko, J.-F. Thovert and P. M. Adler 
 
Contribution to the understanding of fracture aperture impacts on effective permeability: 
 
Provides the measurement of effective permeability of the fractured porous media, which fracture size distribution, obeys the power-law. 
Introduces the Concept of dimensionless density. 
 
Objective of the paper: 
 
The authors of this paper aim to present a synthesis of earlier studies and further extend them, addressing the full complexity of flow in 
permeable fractured media, by taking into account the matrix flow and the size polydispersity of the fractures. 
 
Methodology used: 
 
The methodology used follows the one introduced by Bogdanov et al (2003). The permeability of the fractured media is computed by 
numerically solving the coupled Darcy equations both in fractures and in the surrounding media. The fracture sizes are assumed to be 
distributed according to a power-law and finally the solution to the flow equations is conducted in a tetrahedral mesh  
 
Conclusion reached: 
 
The effective permeability can be estimated by the quadratic expansion for loose networks, which do not percolate. 
The width of the intermediate transition range decreases as the domain size increases, and eventually vanishes for infinite media. 
The percolation status has no influence on the average effective permeability, except for extremely permeable fractures. 
 
Comments:  
 
This work is done based on the assumption that the matrix permeability is uniform throughout the matrix and fracture permeability is 
uniform over each fracture. However, there is evidence that the fracture permeability might also be size dependent. 
  
Impact of fracture aperture distributions on effective permeability of fractured reservoirs K 
International Journal of Rock Mechanics & Mining Sciences (2008) 
 
Stress effects on permeability in a fractured rock mass with correlated fracture length and aperture 
 
Authors: Alireza Baghbanan and Lanru Jing 
 
 
Contribution to the understanding of fracture aperture impacts on effective permeability: 
 
This paper describes the development of a nonlinear algorithm for prediction of normal stress-normal displacement behavior of fractures as 
well as correlations between aperture and length. 
 
Objective of the paper: 
 
The authors of this paper aim to evaluate the effects of scale and stress on the existence of a permeability tensor and the change of flow path 
when the initial fracture aperture is log-normally distributed and correlated with fracture trace length following a power law distribution. 
 
Methodology used: 
 
The methodology used was to develop a mathematical expression for the non-linear stress-normal displacement behavior for single fractures. 
This expression correlated fracture trace lengths with the initial fracture apertures. Fluid flow simulation was made through discrete fracture 
network models, which are sized according to a set REV, and taking into account the different boundary conditions stress. Finally, the 
impact on permeability components, flow patterns and the existence of an equivalent permeability tensor were assessed.  
 
Conclusion reached: 
 
The coupling between special variation of geometric characteristics and mechanical behaviors of rock fractures has considerable impacts on 
the stress-induced flow pattern and permeability changes of fractured rocks. 
The correlation between fracture size and its hydraulic permeability is a noteworthy issue affecting the conceptualization and formulation of 
the discrete element method (DEM) models for fractured rocks as equivalent continua. 
Finally, when fracture aperture is correlated with fracture trace length, the overall permeability of the model can be controlled by fewer 
numbers of large fractures of higher aperture values even without stress effects being considered. 
 
Comments:  
 
In this work the effects of the mechanical properties were not systematically tested and as a result weren’t considered. 
This is a two dimensional study that assumes the rock matrix to be intact, linear elastic and impermeable, limiting the fluid flow, obeying the 
cubic law, to connected fractures. 
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Journal of Geophysical Research (2010) 
 
Impact of fracture development on the effective permeability of porous rocks as determined by 2D discrete fracture growth 
modeling 
 
Authors: A. Paluszny and S.K. Matthai 
 
 
Contribution to the understanding of fracture aperture impacts on effective permeability: 
 
This paper demonstrates that fracture percolation and geomechanical aperture distribution control the effective permeability on porous 
fractured rocks. 
 
Objective of the paper: 
 
The authors present a 2D linear elastic finite model that iteratively creates fracture patterns, allowing the simulation of quasi-static multiple 
crack propagation with the objective of studying its influence as a function of density. 
 
Methodology used: 
 
Used a linear-elastic fracture mechanics-based, adaptively meshed, Finite Elements Method (FEM) approach to investigate fracture pattern 
formation based on local failure criterion. By modeling fractures discretely their growth is triggered by subjecting the initial rock flaws to 
displacements applied to the boundaries of the model. 
Used a geometry kernel to keep track of intersections and potential closure. 
These methods output a transient fracture data set with full geometry, aperture distribution and stress state. 
 
Conclusion reached: 
 
The models with fixed aperture distribution over predict the effective permeability by up to six orders of magnitude, because they don’t 
account for fracture interaction causing aperture variation. 
For stress-dependent apertures (geomechanical), with variant fracture permeability, the preferred flow path is no longer determined by 
topology only. The straight path analog of the data set shows overall lower conductivity properties due to the lack of fracture conductivity. 
The effective permeability increases by an order of magnitude before percolation occurs, then there is a significant increase at percolation 
and after it increases linearly. 
 
Comments:  
 
As this study is made for a 2D fracture growth model it assumes that fractures extend uniformly in the vertical (z) direction and the strain in 
this direction is zero. 
During the fracture growth the model disregards pore pressure and only accounts for pure linear elastic behavior of the rock matrix. 
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Appendix C 
 
Orientation and intensity (P32) of each fracture set according to the rock type. 
 
Real Rock Dataset Dip (range) Dip Dir. (range) Proportion (%) Intensity (SUM =0.45) 
Set 4 
75 285 30 0.135 
65 310 20 0.09 
75 0 20 0.09 
35 180 15 0.0675 
90 225 15 0.0675 
Set 5 
65 280 30 0.135 
85 70 20 0.09 
70 310 30 0.135 
85 215 10 0.045 
Set 6 
45 115 10 0.045 
70 280 50 0.225 
65 320 20 0.09 
65 5 20 0.09 
80 30 10 0.045 
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Appendix D  
 
Analytic validation calculations for the aperture models: 
 
Renshaw and Park model* 
 
 𝑊 = 𝜎
(1 − 𝜐)
𝜇
(2𝑎) ⇔ (21) 
 
 (−26.25 ∗ 𝐸6 + 26.5 ∗ 𝐸6)
(1−0.23)
10∗𝐸6
∗ 7.4 = 1.4245 × 10−1 m (22) 
 
Pollard and Segall model* 
 
 𝑊 = 2(𝜎𝑦𝑦 + 𝑝) (
1 − 𝜈
𝜇
)√𝑎2 − 𝑥∗2 ⇔ (23) 
 
 2(−26.25 ∗ 𝐸6 + 26.5 ∗ 𝐸6)
(1−0.23)
10∗𝐸6
√3.72 − 02 = 1.4245 × 10−1m (24) 
 
Cruickshank et al. model 
 
 𝑊𝑖 =
2𝐾𝐼𝐶
√𝜋𝑎
(
1 − 𝜈
𝜇
)√𝑎2 − 𝑥∗2 ⟺ (25) 
 
 
2∗1.5∗𝐸6
√𝜋∗3.7
(
1−0.23
10∗𝐸6
)√3.72 − 02 = 2.50691 × 10−1 m (26) 
 
 
Baghbanan and Jing model 
 
 𝛿 = (
𝜎𝑛
𝜎𝑛 + 𝑘𝑛0𝛿𝑚
) 𝛿𝑚 ⟺ (27) 
 
 (
26.25∗𝐸6
26.25∗𝐸6+10∗𝐸6∗1∗𝐸−3
) 1𝐸−3 = 10.39192 × 10−4 m (28) 
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Appendix E 
 
Stress state used to obtain fracture apertures: 
 
Maximum Horizontal Stress, 𝜎𝐻 98.71 MPa 
Minimum Horizontal Stress, 𝜎ℎ 60.09 MPa 
Vertical Stress, 𝜎𝑛 89.52 MPa 
Hydrostatic Pressure, 𝜌𝑔ℎ, at 3794.76m TVD 37.23 MPa 
 
Note: For tensile aperture models (Renshaw and Park and Pollard and Segall) the Pressure used was 70 MPa. 
 
Rock properties used for the random fracture models (Set 1, 2 and 3): 
 
Average Poison's ratio, 𝜐 0.19 
Average Shear Modulus, 𝜇 23.18 GPa 
Fracture Initial Normal Stiffness, 𝑘𝑛0  2 GPa 
Critical Stress Intensity factor, 𝐾𝐼𝐶  1.5 MPa 
 
Rock properties used for the real rock fracture datasets ( Set 4, 5 and 6): 
 
Real Rock Dataset 
Average Poison's ratio, 
𝜐 
Average Shear 
Modulus, 𝜇 (GPa) 
Critical Stress 
Intensity factor, 𝐾𝐼𝐶 
(MPa) 
Fracture Initial Normal 
Stiffness, 𝑘𝑛0 (GPa) 
Set 4 0.26 25.4 1.34 2 
Set 5 0.24 25 1.55 2 
Set 6 0.37 21.53 1.09 2 
 
